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Blackbox Function Optimization

Inpot

Goal:

T, = argmax f(x)
X CRA

(Calandra et al., 2015)
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Blackbox Function Optimization

Synthetic

. Gene
Goal:x, = argmax f(x) [
X CRA Yy e
Challenges: parameters(g g;}?
e fis expensive to evaluate -
e fis non-convex o -@& Vadié
: : : Q- 2
e no gradient information s Oy N
~) . y3
® evaluations can be noisy e

(Snoek et al., 2012;Gonzalez et al., 2015; Hernandez-Lobato et al., 2017)
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Blackbox Function Optimization
Ouvtpot By SN

Grid search? "2{' 0N

Goal:x, = argmax f(x) “

X CR¢ Random search? x;g e
Challenges:

e fis expensive to evaluate
e fis non-convex
e no gradient information

® evaluations can be noisy

(Koch, 2016)
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Bayesian Optimization

Idea: build a probabilistic model of the function f

‘LOOP B

» choose new query point(s) to evaluate
decision criterion: acquisition function o (-)

o update model )

T, = argmax f(x)

~ ~ Oufpuf X CRd

% ﬁ Ty = a,r;m/ax o ()

IHP‘/?L Jf X CRR4
t=1,.---.,1T
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Gaussian Processes (GPs)

e probability distribution over functions

e any finite set of function values is a multi-variate Gaussian

Bayesian Optimization

Zi Wang (MIT CSAIL)



Gaussian Processes (GPs)

e probability distribution over functions

e any finite set of function values is a multi-variate Gaussian

e kernel function k(-,-); mean function pu(-)

f(iUl) U(ajl) k(ajl?ajl)? T k(ajlvxn)
| N | 3 f
f(xn) M(wn) k(xna xl)? ST k(x’m xn)

e function f ~ GP(u,k); observe noisy output at -
yr = f(z,) +¢€ €~ N(0,0°%)
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Gaussian Processes (GPs)

Samples from the prior Samples from the posterior
it Ot-1
/ B o
il gl

4 t-1

Given observations D; = {(z-,y,)}._ , predict posterior

mean and variance in closed form via conditional Gaussian

pi—1(z) = ky—1(x)" (Ki—1 +0°0) " gy
oi_1(2)? = k(z,2) — k1 () (K1 4+ 0°1) T he_q ()
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Bayesian Optimization

Idea: build a probabilistic model of the function f

‘LOOP B

» choose new query point(s) to evaluate
decision criterion: acquisition function o (-)

o update model )
T T, = argmax f(x)
2 5 X CR4
1
~
:: 0 v
E T = argmax oy ()
-2 X CR4
|

, t=1---.T
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GP-UCB: an example of Bayesian Optimization

Ilteration 1

: /\/\

3 0

3 /\_\/ /AN
30
B B

0 05 :
Input x
Prior: f ~ GP(u,k)
At iteration t,
» predict the posterior #:—1(x) and o7, (z)
e pick an input by optimizing the acquisition function

r; = argmax iy 1(x) + Boi_1(x)

(Auer, 2002; Srinivas et al., 2010)
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GP-UCB: an example of Bayesian Optimization
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GP-UCB: an example of Bayesian Optimization
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GP-UCB: an example of Bayesian Optimization
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GP-UCB: an example of Bayesian Optimization
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GP-UCB: an example of Bayesian Optimization

Ilteration 7
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GP-UCB: an example of Bayesian Optimization

Ilteration 8
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GP-UCB: an example of Bayesian Optimization

Iteration 9

0 0.5 :
Input x
Prior: f ~ GP(u, k)
At iteration t,
» predict the posterior #:—1(x) and o7, (z)
e pick an input by optimizing the acquisition function
r; = argmax iy 1(x) + Boi_1(x)
(Auer, 2002; Srinivas et al., 2010)
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GP-UCB: an example of Bayesian Optimization
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GP-UCB: an example of Bayesian Optimization

Ilteration 11
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GP-UCB: an example of Bayesian Optimization

Ilteration 12

Prior:  f ~ GP(u, k)
At iteration t,
» predict the posterior #:—1(x) and o7, (z)
e pick an input by optimizing the acquisition function
r; = argmax iy 1(x) + Boi_1(x)
(Auer, 2002; Srinivas et al., 2010)
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GP-UCB: an example of Bayesian Optimization

Ilteration 13

51
3
= of
=
O 3o
| :]f‘
0

Prior: f ~ GP(u,k)
At Iteration t,

e predict the posterior pt—1(x)
e pick an input by optimizing the acquisition function

r; = argmax iy 1(x) + Boi_1(x)

(Auer, 2002; Srinivas et al., 2010)

-

5
,f,
)
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Challenges in Bayesian Optimization

‘LOOP B

» choose new query point(s) to evaluate
decision criterion: acquisition function

o update model -

e Effective and efficient acquisition function
 High dimensional input space
e |arge-scale observations

e Parallel evaluations
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Roadmap

e Better acquisition function
(ZI Wang, Stefanie Jegelka, ICML 2017; Zi Wang, Bolei Zhou, Stefanie Jegelka, AISTATS 2016)

e Scaling up input dimensions
(ZI Wang™, Chengtao Li*, Stefanie Jegelka, Pushmeet Kohli, ICML 2017)

e Scaling up observations & parallel queries
(Zi Wang, Clement Gehring, Pushmeet Kohli, Stefanie Jegelka, arXiv 2017)
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Roadmap

e Better acquisition function
(ZI Wang, Stefanie Jegelka, ICML 2017; Zi Wang, Bolei Zhou, Stefanie Jegelka, AISTATS 2016)
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Entropy Search and Predictive Entropy Search

maximize oy (x;)  t=1,---,T
It E%
L ocation I(a;b) = H(a) — H(alb)
of global Observed = H(b) — H(bla)

w@m\um/ ) o

ap(r) = I({z,y}; . | Dy)

— H(p(z, | Dy)) — E,[H(p(xs | Dy U{z,y}))]

2™ can be high-dimensional: a; () costly to estimate!

(Hennig & Schuler, 2012; Hernandez-Lobato et al., 2014)
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Max-value Entropy Search

Point to query Observed
\F < Data
a// m\ — rrﬁm /)ll (Ve o) | n \ |r\7\7n+r\n ~f Aalabhal Aantirmmrun,
t\d// - L \ Ld/7 HJ 9 d./* | .L/t/ LUUVALIVIIT U HIUUC! UHL U

— (p(y ‘ Dt?'x))_ ﬂy*[H(p(y ‘y*,Dt,Qf))]

GGaussian Truncated y S y*

N ~ Gaussian
\_/’

How to sample Y« ?

(Wang&lJegelka, 2017; Hoffman&Zoubin, 2015)
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Sample Yy with a Gumbel Distribution

Intuition: each f(x) is a Gaussian

3 - |
Fisher-Tippett-Gnedenko Theorem 2 | >
| a
—~ 1 |
The maximum of a set of i.i.d. Gaussian 53 0
variables is asymptotically described by | ™= 1
a Gumbel distribution. -
_3 | | | |
. . -2 -1 0 1 2
e Sample representative points T

o Approximate the max-value of the representative points by
a Gumbel distribution

(Wang&lJegelka, 2017)
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Max-value Entropy Search (MES)

Posterior estimation

\% ¢ > Sample a set of Y«
U t-1

/\t<—t+1 v

Evaluate f at < Define acquisition function
ai(x) = I({x, y};ys | Di)

Ty = argmax oy (x)

(Wang&lJegelka, 2017)
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Max-value Entropy Search

Point to query Observed

K_/\ . Data

A v o J 9 Lk

_lInput space]

Ot (CE) = I({:U, y}; Y | Dt) 1-D Global max-value

| Output space |

|
M Something Closed-form

What do we lose?

How to understand the acquisition function?

(Wang&lJegelka, 2017; Hoffman&Zoubin, 2015)
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MES v.s. PES

e Predictive entropy search (PES) samples X4
(Hernandez-Lobato et al., 2014) Location of global optimum

e Max-value entropy search (MES) samples Y«

(Wang&Jegelka, 2017) 1-D Global max-value

Performance criterion. simple regret

rr = max fx) — 1I§ta<XTf(37t)
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Faster and Better Empirical Results than PES

Simple Regret

0
1 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 160 170 180 190 200

lteration
(Wang&lJegelka, 2017)
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Faster and Better Empirical Results than PES

Runtime Per lteration (s)

16 B2
B 1 B10 © 100

0.09 0.09 0.12

MES
(Wang&lJegelka, 2017)
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Regret Bound for Max-value Entropy Search

Theorem (Wang&Jegelka, 2017)

et
for t
and

" First

Zi Wang (MIT CSAIL) 34

- be the cumulative probabillity distribution

T = Zlogw >~ number of iterations, MES with a
smgle Y« sample achieves

ne maximum of GP(u, k). f« = glggf(w),
w = F(f.) € (0,1), With probabilityl — ¢, and

oy < O(\/(log?dm)

regret bound for an entropy search method.




Max-value Entropy Search

Point to query Observed

K_/\ . Data

A v o J 9 Lk

O (gg) — ]({:zj7 y}; Y | Dt) 1-D Global max-value \QUTDU’[ Spa

|
M Something Closed-form

How to understand the acquisition function?

(Wang&lJegelka, 2017; Hoffman&Zoubin, 2015)
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Understanding the acquisition function in MES

SO, maximize oy (x)
X

IS equivalent to

minimize v, ().
xXr

230 -20 10 0 10
Yy

(Wang&lJegelka, 2017)
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Connections to other acquisition functions

Yx — Nt—l(x)
Qy*(x) = or1(2) ]

minimize v, (xr) MES

X

Recall GP-UCB (Auer, 2002; Srinivas et al., 2010)
3 -~

ay(r) = pe—1(r) + Bo1(xr) 2§

Set f = min ~,, (z) ~

1 2

GP-UCB = MES. 3

|
0
X
(Wang&lJegelka, 2017)

Bayesian Optimization

Zi Wang (MIT CSAIL) 37



Connections to other acquisition functions

Lemma (Wang&Jegelka, 2017; Wang&Zhou&Jegelka, 2016)

The following acquisition functions are equivalent:

* MES with a single sample U to estimate Oty (ZIZ)

e GP-UCB (upper confidence bound, Srinivas et al., 2010) with a Specifio

parameter setting

® P| (probability of improvement, Kushner, 1964) WIth a Specific parameter

setting.

Bayesian Optimization
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Roadmap

Matlab open sourced on Github;
Python implemented in GPflowOpt (Knudde et al., 2017).

\

e Better acquisition function: Max-value Entropy Search
(ZI Wang, Stefanie Jegelka, ICML 2017; Zi Wang, Bolei Zhou, Stefanie Jegelka, AISTATS 2016)

Bayesian Optimization
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Roadmap

e Scaling up input dimensions
(ZI Wang™, Chengtao Li*, Stefanie Jegelka, Pushmeet Kohli, ICML 2017)

Bayesian Optimization
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Challenges in high-dimensional BO

e Ooptimizing non-convex acquisition
functions in high dimensions
computationally challenging

3

2

1

f(@)o

: : : : : -1

* estimating a nonlinear function in 5
-3

high input dimensions: need more e
observations x

statistically challenging
(log T")4+2
regret = O( T )

(Wang et al., 2013; Djolonga el al., 2013; Kandasamy et al., 2015)
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Possible solution: additive Gaussian processes

fo(z)

@) faa™)

® optimize acquisition function block-wise
computational efficiency

¢ |lower-complexity functions
statistical efficiency

What is the additive structure?

(Hastie&Tibshirani, 1990; Kandasamy et al., 2015)
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Structural Kernel Learning

f=1rl + h + [f

Integrate out Y
z; ~ MULTI(0)

0 ~ DIR(a)

Example:

z=[010011102]
Learn the assignment!

Key idea:
Dirichlet prior on z

Learn posterior

p(z | Dy; @)

O_.O,_.Of_.g_.g via Gibbs sampling.

a 9 2 d f

Zi Wang (MIT CSAIL) 43
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(Wang et al., 2017)
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Empirical Results of Structural Kernel Learning

D=1( Flly Partitioned =20

e | E 50
© 30 . yD
= No Partltlonjg 40 ¢ (Heurlstlcs
o0 : 0
o 20| i @ 30pNAo
o | o by
= £ 20 I~
dp) 10 )
10
o . = ;
[True) 200 400 N 200 400 600
lteration lteration lteration
o

Conjecture:
SKL is better than True because of more exploration

(Wang et al., 2017)
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Empirical Results of Structural Kernel Learning

10 |
| I Fully Partitioned
O L
O g No Partition
o
Q | fH .
o0 euristics
O <l
- ©
£ 5| H——
7))
41 T
3t
2

100 200 300 400L SKL]
lteration
(

Wang et al., 2017)
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Interesting Connection to Evolutionary Algorithms

Evolutionary/Genetic algorithms:

® maintain ensemble of promising points

® new points from exchanging coordinates of good points
randomly

0.5 (0.9 0.5
0.1 (0.8 ~— 0.8
0.3 |0.5 0.3
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Interesting Connection to Evolutionary Algorithms

BO with additive GPs toy example: 2D B8

1 observation 3 observations
, estimated function ,.acquisition function , estimated function , acquisition function

N
|

—

J

S

~~~~~~~~~~
N
N

observed good points: [-1,0], [2,2] a2 il

query points: [-1,2], [2,0] 0] 2 - B

learned instead of completely random
coordinate partition!
(Wang et al., 2017)
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Roadmap

Scaling up input dimensions via Structural Kernel Learning

Bayesian Optimization
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Roadmap

e Scaling up observations & parallel queries
(Zi Wang, Clement Gehring, Pushmeet Kohli, Stefanie Jegelka, arXiv 2017)

Bayesian Optimization
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Large-scale Bayesian Optimization

Ouf'PUf
Goal: =™ = argmax f(x)
X CR4

® X IS high dimensional
——> Large-scale observations are necessary
e f can be evaluated in parallel

\

>  Large-scale observations are available

Challenge:
In Gaussian processes, posterior predictions are

pn(x) = kn(w)T(Kn T (72[)_1?/n
kn(z,2") = k(z,2") — ky(2) ' (Kn + 0*1) "k (2)
inversion of large n x n matrix O(n°)

Bayesian Optimization
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Challenges in Scaling Up Observations

e |ow-rank approximation? e.g. random features

N K
N
N ~ n X k
fix k = 1000

100 Observations 1000 Observations 5000 Observations Ground Truth

100

10

Zi Wang (MIT CSAIL)

(Snoek et al., 2015)
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Requirements for Large-scale High-dim BO

We need:

[] good uncertainty estimation
[] efficient computation for large-scale observations
[] ability to recommend a batch of query points

[] ability to handle high dimensional inputs
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Overview of Ensemble Bayesian Optimization (EBO)

LOOP

e Randomly partition the input
space via a Mondrian process

*Learn an additive GP in each part
” and recommend BO query points

{ « Aggregate GPs from all the parts
.. and filter BO query points

N ) . B N ot O P = P Y el M <
Ry P> BT o G oo e e o oz v o TN N e e a ENPV - ORISR
A - 4 b
S ..y:‘.. B
A %) " " 3
s Ignly parallielizable |
8 '
Ness oy o D T ) o e B/ Lo posda g o oo e D PR VIR D PR X BN S, IR e a0 B/ 4
ELTEAE o TS o NSl SN N

(Lakshminarayanan et al., 2015; Wang et al., 2017)
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No under-estimation of uncertainty in EBC

Low-rank
approx

100 Observations 1000 Observations 5000 Observat;

round Truth
10 . 40 . 100 . 10 .

20 | 50 |

X
S
——

20

40 }

1

10 60 150
0 0.5 1 0 0.5 1 0 0.5 0.5 1
X X X EBO X
105000 Observations 1éSOOO Observations O5000 Observa

£(x)
o

—u |
—f |
10 bmo——

0 0.5
X X X X
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Overview of Ensemble Bayesian Optimization (EBO)

LOOP

e Randomly partition the input
space via a Mondrian process

e [earn an additive GP in each part
and recommend BO query points

e Aggregate GPs from all the parts
and filter BO query points

[ uncertainty estimation [ batch queries
[ large-scale observations [ high dimensional inputs

(Lakshminarayanan et al., 2015; Wang et al., 2017)
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Ensemble Bayesian Optimization

t
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0.8

1.0
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1.066
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~3.239
t=4 t=5
1.0 - 1.0
0.8/ 0.8[ «
0.6 0.6 T T
0.4 s . 0.4 p
0.2 0.2
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1.0 1
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(Wang et al., 2017)
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Empirical Results on Running Time

2160 @ @
>S40 R o — SKL |
E 1200 ; — EBO
GE’ 100H N S— S R :
= We stopped SKL after 2 hours |

oy OOF[
=

= S B e
E 40 S S — -
2 EBO average runtlme = 61 seconds
a3 , : . '
2 0 | | 5

O 0 10k 20k 30k 40Kk 50k

Observation size

(Wang et al., 2017)
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Empirical Results on Quality

— BO-3SVI —  PBO
— BO-Add-SVI — EBO

0 10 20 30 40 50 60
Time (minutes) (Hensman et al., 2013
Wang et al., 2017)
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Roadmap

e Scaling up observations & parallel queries:

Ensemble Bayesian Optimization
(Zi Wang, Clement Gehring, Pushmeet Kohli, Stefanie Jegelka, arXiv 2017)

Bayesian Optimization
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Summary

Challenges in Gaussian Processes & Bayesian Optimization: high
dimensions, many observations, parallelization

e Better acquisition function: Max-value Entropy Search
(ZI Wang, Stefanie Jegelka, ICML 2017; Zi Wang, Bolei Zhou, Stefanie Jegelka, AISTATS 2016)

e Scaling up input dimensions via Structural Kernel Learning
(Zi Wang™, Chengtao Li*, Stefanie Jegelka, Pushmeet Kohli, ICML 2017)

e Scaling up observations & parallel queries:

Ensemble Bayesian Optimization
(ZI Wang, Clement Gehring, Pushmeet Kohli, Stefanie Jegelka, arXiv 2017)

Bayesian Optimization
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Thank youl!

Questions?




